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At present, topological insulators are the most efficient thermoelectric mate-
rials at room temperature. However, at non-zero temperatures, it seems to
arise a conflict between having time-reversal symmetry, which implies mini-
mal entropy, and the Seebeck coefficient, which is the entropy carried by each
electric charge unit. This has obliged us to analyze the mathematical and phys-
ical background taking into account relativistic phonons besides the electrons
within quantum field theory. In this search, we found an approximate ex-
pression for the intrinsic topological field b in terms of the Chern number,
the Fermi velocity vF and the electron effective mass m, which allows to con-
nect the topologically non-trivial insulator with the trivial one, being consis-
tent with their topological properties and physical robustness. Thanks to this,
we demonstrate that for three-dimensional topological insulators in thin-film
conditions, among others, phonons have chirality coupling in a novel way to
electron dynamics which preserves time-reversal symmetry. This explains the
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compatibility of the thermoelectricity within topological insulators and shows
explicitly how it adapts to the family of topological insulators Bi2Se3.
Topological insulators (TIs) are Quantum Spin Hall (QSH) systems with conductor states
on their surface associated with a non-trivial topology of their electronic band structure (1, 2).
The presence of spin-orbit coupling (SOC) is one of the most crucial ingredients to get a TI
whose role goes beyond its ability to produce a band crossing (3–5), but it also incorporates
an interaction to our system that preserves time-reversal symmetry and gives to electrons a
relativistic nature (6, 7). On the edge of a TI, bands follow a linear dispersion law E = h¯vFk
as it would happen for a relativistic particle with zero rest mass which goes through singularity
points (Dirac points). These singularities are the sources of the non-trivial topology, which,
protected by time-reversal symmetry induce chiral Kramers currents that can be determined
using Berry’s gauge fields associated with their curvature on U(1) or SU(N) groups depending
on band degeneracy (8, 9). The robustness of these spin-momentum locking channels as well
as their relativistic nature, that connects solid state physics with quantum field phenomena,
make three and two-dimensional TIs strong candidates in the context of Quantum Computing or
Thermoelectric and Superconducting Devices (10–12). However, for a better understanding of
these applications, some key points as thermal excitations and phonons have to be incorporated
to electrons dynamic in TIs since their presence could lead to losing the quantum adiabaticity
and coherence necessary to maintain such topological order (13, 14).
Along this line, we analyze the possible effect of phonons in TIs surface states by studying
mechanical oscillations through Dirac oscillator model (15), leading to a much richer physical
behaviour than the usual employed in the current literature (16). In order to see if non-trivial
topology is preserved under certain values for the involved physical magnitudes in this process,
we make use of a field interpretation of the Berry curvature, where magnetic flux quantization
of helical currents provides an argument to estimate the strength of the field associated the the
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topological regime. The applicability of the obtained topological intrinsic field b is determined
by the condition v2F >> 2MB/h¯
2 for the Hamiltonian parameters, which although it seems
quite restrictive, it is a good approximation for a wide range of values that typically charac-
terizes two-dimensional (2D) and three-dimensional (3D) TIs (2, 3, 17, 18). Through this, we
give a new interpretation that demonstrates how if a topological phase transition occurrs a spin-
dependent field b arises, giving rise to the non-trivial Berry curvature and the quantization of
electron transport. In this way, we connect the two vacua that represent the relativistic topolog-
ical non-trivial regime with the trivial one being consistent with the change on their topologi-
cal properties at the same time that the magnitude of this field (≈ 10T for typical parameters
M = −25meV and vF = 6.17 105m/s in 3DTI thin films) gives an idea of why topological sur-
face states are so robust. Assimilating the previous concepts into the relativistic Dirac equation
we found that in its non-relativistic limit the field enters as a spin-orbit coupling term governing
Schro¨dinger equation remarking the importance of such interaction in TIs.
At this point, once we decouple topological signatures from electron wavefunctions we are
allowed to compare the effects of oscillations in electrons positions produced by phonons with
the internal field within TIs. It is found that both effects are completely equivalent in non-trivial
systems with the substitution of 2ω = eb/m being ω the phonon frequency, leading to a new
heat dissipating mechanism in which electrons can mediate to transform lattice dynamics into
electricity when the phonon energies are in the order of the band gap (2M ). This involves an
important result in which the concept of chirality in phonons sources naturally in the previous
interaction, which implies no entropy variation in electron-phonon scattering processes through
the emission of right-handed and left-handed quanta (19). The capacity of TIs to transform
heat from the lattice into electricity maintaining quantum coherence can be one of the main
signatures of the topological thermoelectricity, which could explain their high figure of merit
(20). Based on these facts, we focus on a specific scenario in which electron-phonon coupling
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can be enhanced by interaction with polar optical phonons, as was in numerically calculated
and observed experimentally in bulk Bi2Se3, Bi2Te3 and in thin film conditions (21–23). Given
that the the energy h¯ω of these polar modes is on the order of the hybridization gap (ω ∼ THz)
for the family of 3DTI Bi2Se3, Bi2Te3 in their thin film limit, we focus on this situation where
their top and bottom surfaces hybridize opening a gap on each surface (24), although the results
and conclusions obtained are directly applicable to 2DTI as HgTe Quantum Wells (QWs).
Model
Chiral edge states can be studied in 3DTI in the same way as for two-dimensional ones, provided
by the fact that the thickness L of the material is enough small to overlap the top and bottom
surface states. In this limit, in which the system is in a topologically non-trivial regime for
certain values of L (18), physics is described by a 2D effective Hamiltonian H2D with basis
[ψ1↑, ψ2↓, ψ2↑, ψ1↓], that can be separated into two non-interacting time-reversal counterparts
H±, each one with non-zero and opposite Chern numbers (9, 18, 25).
H2D(k) = 0(k)I4x4 +
[
H+ 0
0 H−
]
H± =
( ±M(k) h¯vFk−
h¯vFk+ ∓M(k)
)
(1)
Where k± = kx ± iky, 0(k) = C + Dk2, M(k) = M − Bk2 and k2 = k2x + k2y , vF is the
Fermi velocity and h¯ is the Planck’s bar constant. To make the notation less confusing, we have
taken the typical form for the off-diagonal terms vF (p · σ) used in Dirac formalism instead of
the vF (p × σ) dependence of Bi2Se3 family, this can be done without loss of generality since
both terms provide the same Berry curvature and all our calculations remain invariant. For
simplicity, we also set to zero the term 0(k). The energy spectrum define two non-interacting
Dirac hyperbolas at the Γ point where conduction and valence bands for H+ have associated a
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Fig. 1. Schematic illustration of the non-trivial (M < 0, B < 0) Berry curvature Ωkx,ky for
the positive and negative energy eigenstates of H+ labelled as |n〉 and |m〉 respectively. The
compass indicates the orientation of the field felt by the electrons on each band. In the bulk
of a TI, this curvature allows to consider the existence of helical orbits with an associated flux
Φ = h¯/e C, being C = ±1 the Chern number of the conduction and valence bands of H+
respectively.
Berry curvature of the form
Ωckxky = −Ωvkxky = −
h¯2v2F (M +Bk
2)
2[(M −Bk2)2 + h¯2v2Fk2]3/2
zˆ (2)
that results in opposite sign for H−. This Berry curvature defines in a non-trivial system
(MB > 0) spin-momentum locking orbits with quantized flux (C h/e) in terms of the Chern
number C (Fig.1). That is the reason why in the presence of an in-plane electric field we can
talk about opposite transverse spin currents which in the edge produce a quantized electrical
conductance G = (C+ − C−)e2/h, being C± the Chern numbers associated with the branches
H± (2). In terms of transport, this is one of the main signatures that differentiate the bulk of
a trivial insulator from a non-trivial one. Both phenomena the quantization of the magnetic
flux and the conductance are completely consistent with presence of a spin-dependent b field in
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TIs that must be the source of the non-trivial Berry curvature. Under small gap conditions, as it
happens for 3DTI surface states in the thin film limit, we can estimate the magnitude of this field
by noticing that the non-trivial Berry curvature Ωkx,ky has a form of a single peak Gaussian-like
function centered at the Γ point (18), which has a characteristic length small enough to consider
an equivalent magnetic field b constant along the bulk crystal and whose magnitude must be
determined by the constraint that his flux must be quantized and equal to h/e C
h¯
e
∫
Ωkx,kydk =
∫
bdS (3)
The surface element ∆S can be obtained in a fashion way by applying Heisenberg’s uncertainty
principle matching the quantum conductance (e2/h) with the conductivity σ = ∆S−1 e
2τ
meff
in
the Heisenberg limit (τ = h¯/2∆E). In this way, we obtain the following expression for the
field
b =
h¯
e
4M2
h¯2v2F
C zˆ (4)
where we have considered the electron effective mass as meff = M/v2F (Appendix I), neglect-
ing any contribution from B, that gives us the information about the localization or delocaliza-
tion of the bands in the space, and limiting to materials that present v2F >> 2MB/h¯
2. This
condition, easily fulfilled thanks to the small gap and high Fermi velocity that typical charac-
terizes 3DTI thin films (M ≈ −25 meV, vF = 6.17 105m/s), determines for these values an
equivalent field for electrons on the surface b ≈ 10T consistent with the robustness that char-
acterizes topological surface states and whose sign, determined by the Chern number, keeps
time-reversal symmetry intact. For the relativistic system with B = 0 the prior condition is
always satisfied and then Eq. 4 is accurate, although by definition the integral of its Berry cur-
vature results in a half-integrer number. Even then, in both cases (B = 0 orB 6= 0) the variation
between the two different topological regimes, let us say the trivial (M > 0 or MB < 0) and
6
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Fig. 2. (A) Energy spectrum of the 2x2 Dirac HamiltonianH+ in both non-trivial (left) and triv-
ial (right) topological regimes. Conduction and valence bands are labelled with their respective
positive and negative energy eigenstates. Red and blue colors stand for electrons spin attend-
ing to the different spin configurations of both regimes. The change in topological properties
between both systems allows us to define the intrinsic topological field b in terms of the Chern
number C. This expression is exact for systems with B = 0 and a good approximation for
systems whose parameters satisfy the condition v2F >> 2MB/h¯
2. (B) Connection between the
eigenstates of the non-trivial and trivial topological regimes in terms of a magnetic phase factor
θ(r) coming from the field b. This field connects the free-particle behaviour in the trivial regime
with the quantized electronic transport in TIs. (C) Schematic illustration of spin configuration
in the k-space for the conduction band of H+. The existence of the field b in the topological
non-trivial regime is consistent with the change of electron spin at the Γ point.
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the non-trivial (M < 0 or MB > 0), leads to the same magnitude for b, determining the field
that connects one regime with the other.
This field will be crucial to puzzle out electron dynamics in TIs (Fig.2). On the one hand,
we have that in a TI electrons move in closed helical orbits, with an associated quantized flux
to their Berry curvature that acts as an spin-dependent magnetic field and whose integral gives
a non-zero Chern number. On the other hand, a relativistic trivial insulator (MB < 0) has
zero Chern number and their curvature has no quantized flux associated, obtaining in its non-
relativistic limit the Schro¨dinger equation for a free electron. The crucial step is that these two
pictures are connected exactly by the field b
|n〉 = e−i eh¯
∫
andr |u〉 (5)
being |u〉 the eigenstate with positive energy of a trivial insulator, i.e HN |u〉 = ξN |u〉, |n〉
the eigenstate with positive energy of HTI (MB > 0), and an = (−by/2, bx/2, 0) the vector
potential associated to a field b which contains the information of Berry curvature effects and
allow us to pass from topologically trivial Berry curvature to a non-trivial one and vice versa
(Fig.3). This is straightforward to see by computing the Berry curvature, obtaining that Ωukx,ky =
Ωnkx,ky + 2Ω
m¯
kx,ky
, being |m¯〉 = |m(B = 0)〉 the eigenstate with an associated field of exactly
−b/2. Integrating over the 2D surface one gets the expected result∫
Ωukx,kydk =
∫
Ωnkx,kydk +
∫
2Ωm¯kx,kydk = 2pi
(
1− 21
2
)
= 0 (6)
Consistent with this, extending the previous calculations to H− and rearranging the basis to
[ψ1↑, ψ1↓, ψ2↑, ψ2↓] we can establish a relationship between both trivial and non-trivial regimes
by writing the Dirac equation ih¯∂tΨTI = HTIΨTI , where applying Eq. 5 for the positive energy
solution one gets
ξTIΨN = [M(k)β + vFα(p− iebr/2β)]ΨN , ΨN =
[
ψ1,N
ψ2,N
]
(7)
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Fig. 3. Conduction band Berry curvature (B 6= 0) as a function of k for non-trivial (solid blue
line) and trivial (dotted-dashed blue line) topological regimes. Red dotted lines correspond to
the Berry curvature for the relativistic caseB = 0 where Ωm¯kx,ky has an associated field of exactly−b/2. Central plots illustrate the superposition of Ωnkx,ky+Ωm¯kx,ky and Ωukx,ky−Ωm¯kx,ky (blak areas),
whose result is equivalent when the condition v2F >> 2MB/h¯
2 is fulfilled, allowing to pass
from one topological regime to the other. Plot parameters are M = −0.025eV, B = −50eVA˚2
and vF = 6.17 105m/s while B = 0 for Ωm¯kx,ky curves.
ψ1,N and ψ2,N are two component spinors for electrons in the trivial regime where the subindex
1/2 stands for the different atoms that conforms our 2D effective Hamiltonian. Diagonal cor-
rections are negligible due to the fact that they are proportional to 2MB/h¯2v2F << 1. Notice
that this connection can be done provided that the sign of the field is opposite between the
branches of the Hamiltonian H± and thus, there is no time-reversal symmetry breaking as it
occurs in TIs. Therefore, in compliance with the conventional treatment of TIs by means of
Berry potentials and curvature, we give a field interpretation to understand topological phase
transitions, in the sense that once the crossing between conduction and valence bands occurs a
spin-dependent field appears in the system, opening the gap and giving an effective mass to the
particles likewise it happens in other quantum phase transitions. Following up this line, we can
directly compute the non-relativistic limit of Eq. 7,
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ψ1/2,N =
(
p2
2m
+
e2b2r2
8m
∓ µBb∓ eb
mh¯
LzSz
)
ψ1/2,N (8)
wherem is the electron effective mass, µB is the Bohr magneton, Lz and Sz are the z-components
of the angular momentum operator and the spin operator respectively. This limit allows us to
show explicitly how an electron in a trivial insulator sees its topological counterpart. On the
one hand, we have that the term µBb, whose magnitude is the band gap 2M , contains the infor-
mation of the band crossing necessary to pass from one system to the other. On the other hand,
the second and fourth term act as a magnetic field with opposite sign between spin and between
solutions, defining a spin-orbit coupling term for the global system, whose magnitude is de-
fined as one outcome which translates the abstract topological robustness, usually used in the
literature without being explained its real associated strength and its possibility of measurement
in the laboratory. Furthermore, as we are going to see, by means of this field interpretation of
non-trivial effects, we also obtain a picture in which phonons can couple in a novel way to elec-
trons, giving a theoretical framework that fits well in the mechanism of the thermoelectricity
and superconductivity.
Electron-phonon interaction in TIs
The introduction of mechanical oscillations in a relativistic context was first analyzed by M.
Moshisnky and A. Szczepaniak (15) incorporating a linear term in r to the Dirac equation. The
origin of this term lies in the introduction of an harmonic oscillator potential into the Klein-
Gordon equation, leading to the well-known Dirac oscillator
ih¯(∂ψ/∂t) = [vFα(p− imrωβ) +mv2Fβ]ψ (9)
being αi =
[
0 σi
σi 0
]
, β =
[
σ0 0
0 −σ0
]
, σi the Pauli matrices, m the mass of the particle, r
the position and where we have substituted the original speed of light c by the Fermi velocity vF
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in order to adapt Eq. 9 into the context of TIs. Afterwards, the equation was further analyzed,
always in the context of Quantum Field Theory (QFT) (19, 26), where working with phonons
it is always convenient to employ operators defined on a Fock space and Eq. 9 has a simple
solution in 2D for them (19). There are two Pauli spinor eigenstates which present entanglement
between the spin and orbital degrees of freedom. That is to say, they superpose positive and
negative energies with respect to their vacuum state due to have a much lower relativistic energy
by being associated to the Fermi velocity instead of the Dirac’s one employing light velocity.
Notice that the Stone-Von Neumann theorem (27), only follows in quantum mechanics with
finite degrees of freedom, but not in QFT which justifies different vacua states seen by the
operators within the TI material. In the Dirac vacuum the phonon could never excite electrons
or be absorbed by them, among other reasons because phonons do not exist in it, while in
TIs they can do it provided the conservation of angular momenta and energy are followed and
their vacua are connected (Appendix II). In most materials, the phonons are complex collective
excitation arising with different frequencies, polarizations and moving in chaotic trajectories,
but fortunately in TIs or in 2D materials they can be controlled enough well to measure their
special characteristics (22, 28–30).
These abstract remarks are fundamental to understand the phonon-electron interaction within
the TIs. In fact, if one compare Eq. 7 and Eq. 9 one can easily see that they are essentially
the same and both terms enters in the same way in electrons relativistic dynamics with the
usual substitution 2ω = eb/m with a difference of a factor 2 that comes from the non-minimal
coupling in the Dirac oscillator equation that guaranties to have an harmonic oscillator in its
non-relativistic limit with a spin-orbit coupling of strength 2ω/h¯ (15, 31)
ψ =
(
p2
2m
+
1
2
mω2r2 ∓ h¯ω ∓ 2ω
h¯
LzSz
)
ψ (10)
We know from Eq. 7 that the electrons in a TI follow a spin-orbit interaction for their spins
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A B
Fig. 4. (A) Schematic illustration of electron-phonon interaction between right-handed elec-
trons and phonons producing the emission of definite chiral photons preserving angular mo-
menta. Green circles represent the nucleus of the lattice (B) Feynman diagrams associated to
the electron-phonon coupling in TIs. The point S stands from the Schwingers limit, i.e, when
the energy is enough to create an electron-hole pair.
and now we see that phonons couple to them in the same way. Provided by the spin polariza-
tion that defines the non-trivial topology, manifested by the existence of chiral edge states with
spin-orbit locking channels, the conservation of angular momenta as a good quantum number
is possible in a same Hamiltonian allowing the electrons to be excited by the phonons as if they
were photons. In other words, we found that in a topologically non-trivial system, electrons
are capable to dissipate heat from the lattice through photons thanks to the polarized electron
currents that originate the intrinsic topological field (Fig.4). This is consistent with the preser-
vation of time-reversal symmetry at non-zero temperatures (14), where electronic interactions
could in principle break it if they change the entropy of the system, helping to maintain the
quantum coherence necessary to preserve topological properties at high temperatures (32, 33).
We can write Eq. 9 in terms of right-handed and left-handed chiral annihilation and creation
operators (19), to describe an scenario where the chirality of phonons have a decisive role in
mechanism of thermoelectricity in TI . In fact, it has been shown (21) that for the 3DTIs Bi2Se3
and Bi2Te3 the polar optical phonon modes satisfy the conditions 2ω = eb/m underlined in this
article, being accompanied with an enhance of the electron-phonon coupling when the Fermi
level lies close to the Dirac point. Under this conditions, we provide the ingredients necessary
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to minimize lattice thermal conductivity in TIs, leading to an experimental scenario in which
we can get a topological thermoelectric system with a maximized figure of merit. (20, 34, 35).
Discussion
Topological insulators are materials which have a semimetal behavior on their surfaces due to
the crossing band singularities. At low energies, this allows to interpret the dispersion law of
the electrons relativistically, when the rest mass of the electrons is given to be zero and, it is
well known, how this relativistic background works very well in the literature. But, beside that,
it is assumed a time-reversal symmetry in half-integer spin systems, which induces Kramers
degenerated currents without backscattering. They are justified just by the non-trivial topology
calculated through Gauss integrals of the Berry curvature without never mentioning the micro-
scopic physical structure needed to support it. This is the main achievement of this paper, we
have found that the Dirac singularities must be accompanied by a quite high magnetic field b
associated directly to the Berry field and its Chern number. In spite of its high value, around
Teslas, it is very difficult to measure directly since its sign is opposite between states resulting
in the form of a spin-orbit term. Nevertheless, it is easy to see that this magnetic field is conse-
quence of the field created by Berry’s phase around the band singularities, that we have found
in different forms and which directly supports the robust topological structure of TIs. Non-
trivial topology of one manifold can exist only when the manifold is mantained rigid enough to
keep it. In other words, we have shown that this physical representation is consistent with the
topological properties of TIs, quantized transport, robustness, k-dependent spin-configuration
and band inversion, describing an scenario in which it is straightforward to connect both trivial
and non-trivial as we demonstrate expressing the field b in terms of the Chern number. We
also shown the applicability of the model given by the condition v2F >> 2MB/h¯
2, which is
fulfilled for the family of 3DTIs Bi2Se3 as well as in 2D for HgTe Quantum Wells (QWs). On
13
the other hand, we know that these materials have an excellent thermoelectric response and
therefore phonons must follow also the relativistic context of the electrons, in such a form that
their exchange of energy and momentum enables adiabaticity on the bands. This has obliged us
to treat the phonons also within a quantum field Fock space instead of the usual usual quantum
mechanical formalism. The main result was to obtain also chiral phonons as it ought to be if
the electron-phonon coupling were able to behave enough adiabatically smoothly. Actually, this
allows the phonons to be absorved by the electrons as the topological thermoelectricity would
need to survive. Finally, we calculate the non-relativistic limit of the Dirac Hamiltonian, for
electrons and phonons, where the spin-orbit coupling arises naturally thanks to employing the
relativistic formalism and the von Neumann entropy associated to the states can be kept practi-
cally constant preserving the time-reversal symmetry at least on the surface of these materials.
In summary, the topological structure is kept robust under thermal changes due to the electron-
phonon coupling and the potentials of deffects are not enough large to change the trajectories
under the high field strength associated with the band singularities.
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Supplementary Materials
Appendix I
It is well-known that low energy physics close to Dirac points can be modelled through an
effective Dirac Hamiltonian which depends on the system dimensionality. In 2D and in 3DTI
thin films, electrons dynamics are described by a Hamiltonian of the form (17, 18, 24)
H(k) = 0(k)I4x4 +

M(k) h¯vFk− 0 0
h¯vFk+ −M(k) 0 0
0 0 −M(k) h¯vFk−
0 0 h¯vFk+ M(k)
 (11)
where k± = kx ± iky, 0(k) = C + Dk2, M(k) = M − Bk2 and k2 = k2x + k2y . Due to the
absence of kz, the previous Hamiltonian is separated into two independent subsystems H± that
are time-reversal counterparts
H± =
( ±M(k) h¯vFk−
h¯vFk+ ∓M(k)
)
(12)
In this frame, working with one of these Hamiltonian (in our case H+) the topological analysis
can be made in terms of the Chern number instead of the usual Z2 formalism for time-reversal
symmetric systems analyzing the parity changes at the time-reversal invariant points (36). No-
tice, that we have chosen a explicit form for the off-diagonal terms proportional to vF p · σ
although there also exists the possibility to have a term of the form vF p × σ (24). It is easy
to prove that both expressions leads to the same Berry curvature making our election irrele-
vant in order to calculate the field b. Thanks to this separation we have a direct quatization of
electrons transport in terms of the Chern number C = 1/2pi
∫
Ωkx,kyd
2k which is zero for a
trivial system (MB < 0) and an integer in a non-trivial one (MB > 0). This basic number
derived from the curvature of the electrons wavefunction in the k-space takes into account their
singular transport properties, i.e, quantized electric conductance (e2/h C) at the semi-metallic
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edges and their bulk-correspondent helical orbits with quantized magnetic flux Φ = h/e C.
From this picture, that clearly determines the differences between the topologically non-trivial
and trivial regimes, it naturally sources the presence of a field b that gives rise to the non-trivial
Berry curvature once the topologically phase transition ocurrs
h¯
e
∫
Ω dk =
∫
b dS (13)
The concept of single electrons moving in quantized orbits allow us to apply the Heisenberg
uncertainty principle τ∆E ∼ h¯/2 where the energy uncertainty can be supposed to be on the
order of the energy E provided by the low-energy nature of the electrons (37). Thus, to be
consistent with the fact that we are establishing a relationship between the non-trivial regime
and the trivial one we define ∆E = 2mv2F , that is, the energy difference between both regimes.
Now, we can compute directly the surface element ∆S by matching the quantum conductance
(e2/h) to the conductivity σ = (∆S)−1 e
2τ
m
obtaining
∆S =
hh¯
4m2v2F
(14)
Once obtained the surface element we can give an expression to the topological intrinsic field
extracting it from the integral. This can be done, provided that for a wide range of values under
small gap conditions the Berry curvature is a narrow single peak function centered at the Γ point
and thus we can consider an equivalent field constant along the crystal. Furthermore, it is also
easy to compute an expression for the electron effective mass m on each band
m =
h¯2
∂2E/∂k2
E± = ±
√
(M −Bk2)2 + h¯2v2Fk2 (15)
which in the limit k → 0 gives
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m =
M
v2F − 2BM/h¯2
=
{
M/v2F if v
2
F >> 2BM/h¯
2
−h¯2/2B if v2F << 2BM/h¯2 (16)
The first condition, in which we obtain an effective mass equal to half the Dirac gap, it is full-
filled by the Hamiltonian parameters in 2DTI and 3DTI thin films, giving an accurate expression
to the topological intrinsic field
b =
h¯
e
4M
h¯2v2F
C (17)
that it is exact for the traditional Dirac Hamiltonian with B = 0.
Appendix II
The electrons of the topological insulators are modelled within a quantum relativistic context
and also seems natural to do the same with the phonons interacting with them. In fact, their
physics corresponds to a Quantum Field Theory (QFT) better than a Quantum Mechanical (QM)
system and they turn out to be bosons with a well-defined chirality. Treating them as spinors,
it is convenient to do it within a Fock space whose creation and annihilation operators appears
also with chirality, albeit their origin is not on Kramers theorem as the electrons. But their
vacua do not need to be equivalent under unitary transformations, because in QFT there are
infinite degrees of freedom at difference of what happens in QM which follows the Stone-von
Neumann theorem. Nevertheless, we shall show that, despite to have a non-trivial topology,
their Fock spaces can transform their vacua thanks to introduce the new Berry field b, which is
an important property for their thermoelectric properties.
The Dirac oscillator equation
ih¯(∂ψ/∂t) = [vFα(p− imrωβ) +mv2Fβ]ψ (18)
can be rewritten in function of the chiral annhilation and creation operators ar = 1√2(ax −
iay), a
+
r =
1√
2
(a+x + ia
+
y ) for the right and al =
1√
2
(ax + iay), a
+
l =
1√
2
(a+x − ia+y ) for the left,
being ax, ay, a+x and a
+
y the usual annhilation and creation operators of the harmonic oscillator
|ψ1〉 = i 2mv
2
F
√
ξ
E −mv2F
a+l |ψ2〉 (19)
|ψ2〉 = −i 2mv
2
F
√
ξ
E +mv2F
a+l |ψ1〉 (20)
being |ψ1〉 and |ψ2〉 the two components of the spinor |ψ〉, ξ = h¯ωmv2F takes into account the non-
relativistic limit and the Fock space is expanded by the basis |nl〉 = 1√nl!(a
+
l )
nl |0〉 (19). The
energy spectrum is E = ±Enl = ±mv2F
√
4ξnl + 1, whose eigenstates can be written as Pauli
spinors |φ↑〉 and |φ↓〉 components, employing the angular momentum z-component definition
given by Lz = h¯(a+r ar − a+l al)
|−Enl〉 = βnl |nl〉 |φ↑〉+ iαnl |nl − 1〉 |φ↓〉 (21)
|Enl〉 = αnl |nl〉 |φ↑〉 − iβnl |nl − 1〉 |φ↓〉 (22)
where αnl =
√
Enl+mv
2
F
2Enl
and βnl =
√
Enl−mv2F
2Enl
. Finally, time dependent state of the spinors
excited by the Dirac oscillator is
|ψ(t)〉 =
(
cosωnlt+
i√
4ξnl + 1
sinωnlt
)
|nl − 1〉 |φ↑〉+
(√
4ξnl
4ξnl + 1
sinωnlt
)
|nl〉 |φ↓〉
(23)
Therefore, we see how there is one oscillation between the spin-orbit states |nl−1 > |φ↑ > and
|nl > |φ↓ >,in such a form that the change of spin polarization implies one for the orbital and
vice versa. At the same time this is done on the surface of the topological insulator where there
is a simultaneous change between the conduction and valence bands, i.e. positive and negative
energies respect to the Fermi level.
The fact that the relativistic phonons have chirality like the electrons does produce a con-
densed phase formed by their pairs within the Thermal Field Dynamics (TFT). Let us show
it (38) assuming that the phonon a, a+ and photon b, b+, annilation and creation operators,
repectively, have the only non vanishing commutation relation [ag, a+f ] = [bg, b
+
f ] = δ
2(g − f).
Introducing the unitary transformations U = exp(iθG), being G = i(ab− b+a+) the generator
with θ the c-number associated to the boson translation α(θ) = a + θ and β(θ) = b + θ. This
translation obviously keeps the commutation of the operators invariant, or the algebras, while
the vacuum doesn’t do it. We can relate them by the Bogoliubov transformations
α(θ) = U(θ) a U−1(θ) = a cosh(θ)− b+sinh(θ) (24)
β(θ) = U(θ) a U−1(θ) = b cosh(θ)− a+sinh(θ) (25)
where α(θ) and β(θ) follow again the same commutation rules that a and b operators although
their vacua are different, α(θ) |θ〉 = β(θ) |θ〉 = 0 while a |0〉 = b |0〉 = 0, i.e. being α(θ) |0〉 =
β(θ) |0〉 = θ(0), which is different to zero in the Fock space H(a, b). Thus their associated
Fock spaces are different because they have not the same vacua. But they are related by
|0(θ)〉 = exp (−ln cosh(θ)) exp (a+b+tanh(θ)) |0〉 (26)
whose projection is given by
〈0|0(θ)〉 = exp (−ln cosh(θ)) (27)
Now taking into account that we are within QFT instead of QM, the operators and vacuum
depend also of the wave number k of the modes where they work with momentum p = h¯k and
therefore that the above formulae must be added for these different modes,i.e.
〈0|0(θ)〉 = exp[−δ2(0)
∫
ln cosh(θk) d
2k] exp[
∫
tanh(θk) a
+
k b
+
k d
2k)] (28)
which is zero because the integral is infinite just noticing that δ2(0) = δ(kx)δ(ky)|kx=ky=0 =∞
where k is with only two components. This means that the Fock spaces associated to these vacua
are orthogonal besides to be different and therefore we cannot transform their tensors using
unitary groups. That is to say, the Stone-von Neumann the QM cannot be employed in this QFT
physical context. But it is worthy to observe that we have avoided this singular point introducing
a Berry curvature on the point k = 0 or its associated field b. The physical interpretation
is that we have pairs a, b associated to phonon-photon pairs at a given temperature T related
by a chiral electron. The phonon excite the charge of the electron which produces a photon
carrying the same same chirality for conserving the angular momentum: under thermal changes
both chiralities can be keeped invariant.And the thermoelectric properties of the topological
insulators lie under this basic property because the process phonon-electron-photon is not so
probable as the photon-electron-phonon in the condensation of the phase for these particles in
the |0(θ)〉 vacuum.
